Abstract. Let A = ⊕ i∈Z A i be a finite dimensional graded symmetric cellular algebra with a homogeneous symmetrizing trace of degree d. We prove that A −d contains the Higman ideal H(A) of the center of A and dim H(A) ≤ dim A 0 if d = 0, and provide a semisimplicity criterion of A in terms of the centralizer of A 0 , which is a graded version of [19, Theorem 3.2].
Introduction
Cellular algebras were introduced by Graham and Lehrer [14] in 1996 motivated by the work of Kazhdan and Lusztig [18] . It provides a systematic framework for studying the representation theory of many interesting and important algebras coming from mathematics and physics, such as Schur algebras, Temperley-Lieb algebras, Brauer algebras [14] , partition algebras [28] , Birman-Wenzl algebras [29] , Hecke algebras of finite types [13] , and so on.
The (Z-)gradings is a subtle structure on a finite dimensional algebra, which plays an important role in Lie theory and the representation theory (ref. [3, 10, 11, 27] ). Motivated by the works of Brundan, Kleshchev (and Wang) [4, 5, 9] , Hu and Mathas [15] introduced graded cellular algebras, which include the Khovanov diagram algebras and their quasi-hereditary covers [6, 7] , the level two degenerate cyclotomic Hecke algebras [2] , graded walled Brauer algebras [8] , Temperley-Lieb algebras of type A and B [26] , etc (see references in [16, 17] ).
The Auslander-Reiten conjecture [1] claims that if the stable categories of two Artin algebras are equivalent then they have the same number of non-projective simple modules up to isomorphism. Recently, Liu, Zhou and Zimmermann's work [25] indicates that the projective center is the main obstruction to attack the AuslanderReiten conjecture, which is exactly the Higman ideal for a symmetric algebra. It is natural and interesting to investigate the Higman ideal of the center of a symmetric algebra.
The aim of this note is to study the Higman ideal of a graded symmetric cellular algebra by applying the dual basis method which has been used in [19] [20] [21] [22] [23] [24] . More precisely, assume that A = ⊕ i∈Z A i is a finite dimensional graded symmetric cellular algebra over a field K with a homogeneous symmetrizing trace τ of degree d. Our first main result claims that the Higman ideal of the center Z(A) of A is contained in A −d , and dim H(A) ≤ dim A 0 whenever d = 0 (see Theorem 3.4) . Secondly, we provide a semisimplicity criterion for finite dimensional graded symmetric cellular algebras in terms of the centralizer of A 0 (see Theorem 5.7), which is a graded version of [19, Theorem 3.2] .
The note is organized as follows. In Section 2, we review quickly some known results on symmetric algebras, graded algebras and cellular algebras. In Section 3, we study the Higman ideal of finite dimensional graded symmetric cellular algebras and prove the first main result. Section 4 devotes to investigate the centralizer of A 0 and gives a graded version of [19, Thoerem 3.2] . The semisimplicity criterion for finite dimensional graded symmetric cellular algebras is provided in the last section.
Preliminaries
In this section, we recall some facts on symmetric algebras, graded algebras and cellular algebras, and introduce the graded symmetric algebras.
2.1. Symmetric algebras. Let K be a field and let A be a finite dimensional K-algebra. Recall that a bilinear form f : A × A → K is non-degenerate if the determinant of the matrix (f (x i , x j )) xi, xj ∈B is invertible for some basis B = {x 1 , · · · , x n } of A and f is associative if f (ab, c) = f (a, bc) for all a, b, c ∈ A. We say that A is a symmetric algebra if there is a non-degenerate associative bilinear form f on A such that f (x, y) = f (y, x) for all x, y ∈ A. Note that if A is a symmetric algebra, then we can define a linear map τ by
which is called the symmetrizing trace of A induced by f . Now let A be a finite dimensional symmetric algebra with a basis B = {x 1 , · · · , x n } and denote by D = {y 1 , · · · , y n } the dual basis of B, that is, D is a basis of A satisfying τ (x i y j ) = δ ij for all i, j = 1, . . . , n. Then the Higman ideal H(A) of the center Z(A) of A is
which is independent of the choice of τ and the basis of A.
For arbitrary 1 ≤ i, j ≤ n, write x i x j = k r ijk x k , where r ijk ∈ K. The first named author proved the following lemma.
Lemma 2.1 ( [21, Lemma 2.2])
. Let A be a symmetric K-algebra. Then the following hold:
2.2. Graded symmetric algebras. By a graded space we mean a Z-graded Kspace V , namely a K-space with a decomposition into subspaces V = i∈Z V i . A nonzero element v of V i is said to be a homogeneous element of degree i and denoted by deg(v) = i. We will view the field K as a graded space concentrated in degree 0. Given two graded spaces V and W , the K-space Hom K (V, W ) of all K-linear maps from V to W is a graded space with Hom K (V, W ) i consisting of all the K-linear maps α : V → W such that α(V j ) ⊆ W j+i for all i, j ∈ Z. Nonzero element of Hom K (V, W ) i will be called a homogeneous map of degree i.
By a graded algebra A we always mean a finite dimensional Z-graded associative K-algebra with identity, that is, A is a graded space A = i∈Z A i such that 
for all λ ∈ Λ and S, T ∈ M (λ). (GC3) If λ ∈ Λ and S, T ∈ M (λ), then for any element a ∈ A, we have
where r a (S ′ , S) ∈ R is independent of T and
Let λ ∈ Λ. For arbitrary elements S, T, U, V ∈ M (λ), Definition 2.3 implies that
where Φ(T, U ) ∈ R depends only on T and U . It is easy to check that Φ(T, U ) = Φ(U, T ) for arbitrary T, U ∈ M (λ).
For each λ ∈ Λ, fix an order on M (λ). The associated Gram matrix G(λ) is the following symmetric matrix
Note that the determinant of G(λ) is independent of the choice of the order on M (λ).
Given a cellular algebra A, we note that A has a family of modules defined by its cellular structure.
Definition 2.4 ( [14, Definition 2.1])
. Let A be a cellular algebra with cell datum (Λ, M, C, * ). For each λ ∈ Λ, the cell module W (λ) is a free R-module with basis {C S | S ∈ M (λ)} and the left A-action defined by
where r a (S ′ , S) is the element of R defined in Definition 2.3(GC3).
Symmetric cellular algebras.
Let A be a symmetric cellular algebra with cell datum (Λ, M, C, * ). Fix a symmetrizing trace τ and denote the dual basis by
The following lemma is important to our purpose.
Lemma 2.5 ( [21, Lemma 3.1])
. Let A be a symmetric cellular algebra with a cell datum (Λ, M, C, * ) and τ a given symmetrizing trace. For arbitrary λ, µ ∈ Λ and S, T, P, Q ∈ M (λ), U, V ∈ M (µ), the following hold:
Denote by G ′ (λ) the Gram matrices defined by the dual basis. The first named author [21, Lemma 3.6] 
where E is the identity matrix.
The following facts on the constants k λ , λ ∈ Λ will be used later. (1) A is semisimple.
Homogeneous symmetrizing trace and Higman ideal
Let A be a cellular algebra. Following Hu and Mathas [15] , we say that A is a graded cellular algebra if A is in addition a Z-graded algebra satisfying the following condition:
A graded cellular algebra A is called a graded symmetric cellular algebra if A is in addition a graded symmetric algebra. Note that a finite dimensional semisimple algebra is a graded symmetric cellular algebra with a non-trivial grading (see Section 5 for details), which is a generalization of [15, Example 2.2].
The following is an example of non-semisimple graded symmetric cellular algebras.
Example 3.1. Let K be a field and A = K ⊕ Kx with deg(x) = 2 and x 2 = 0. Then A is a graded symmetric algebra with a non-degenerate trace form τ (1) = 0 and τ (x) = 1. It is a homogeneous trace form of degree −2. It is easy to check that the dual basis of {1, x} is {x, 1}. Thus the dual basis is homogeneous too.
The following easy verified fact is useful, which implies that the dual basis of the homogeneous basis of graded symmetric algebras with respect to a homogeneous symmetrizing trace must be homogeneous. Let us remark that the equality in Theorem 3.4(3) may be held. The following is an example given in [19] , which is a graded symmetric cellular algebra. Example 3.6. Let K be a field with CharK ∤ n + 1 and let Q be the following quiver
with relation ρ given as follows:
(1) all paths of length ≥ 3;
is a graded algebra in a natural way. Now we define the homogeneous symmetrizing trace τ of A by
Then the degree of τ is −2, τ (a) = τ (a * ) for all a ∈ A, and A 0 = { k i e i | k i ∈ K}. Furthermore, A is a graded symmetric cellular algebra with a homogeneous cellular basis {C k i,j | 1 ≤ k ≤ n + 1, 1 ≤ i, j ≤ 2} as follows:
and the Higman ideal H(A) is generated by
It is easy to check that H(A) ⊂ A 2 and dim H(A) = dim A 0 = n. Furthermore, a direct computation yields that
, 2 and k = 1, . . . , n + 1. However, these elements can not form the whole Z A (A 0 ).
Centralizer of A 0
This section devotes to give a graded version of [19, Theorem 3.2] . Throughout this section A is a finite dimensional graded symmetric cellular K-algebra with a homogeneous symmetrizing trace τ of degree d. 
where r jki = 0 if deg(x k ) = c. Thus
Comparing the equalities ( * ) and ( * * ), we complete the proof. Now we consider the following elements e λ, c :=
Applying Lemmas 2.5 and 2.6, we get the following lemma. The following fact will be used later.
Proof. Clearly, we only need to prove e λ, c ∈ Z A (A 0 ). Let C µ U,V be a basis element of degree 0. Then by Lemma 2.5,
where the second equality follows from Definition 2.4 and Lemma 2.5(7), the last one follows by comparing the degree of both sides.
On the other hand, we have
where the second equality and the third one follow form Lemma 2.5(5, 7). Thus e λ,c ∈ Z A (A 0 ) as required.
Corollary 4.4. Keep notations as above. If
The relationship between H gr (A) and L gr (A) is given by the following lemma, which can be proved by the similar argument of [19, Theorem 3.2] . 
Semisimple case
In this section, we give a semisimlicity criterion for a graded symmetric cellular algebra, that is, A is semisimple if and only if L gr (A) = Z A (A 0 ). Now let S n be the symmetric group on n letters and A = M n (K). For σ 1 , σ 2 ∈ S n , we set e ij = C σ1(i)σ2(j) , 1 ≤ i, j ≤ n, where e ij is the n × n matrix with only one non-zero (i, j)-entry 1. 
Proof. " =⇒ " For all 1 ≤ j ≤ n, the cellularity of C i,j shows
Since e ii is an idempotent of A for all i, C σ1(i), σ2(i) is also an idempotent. Thus deg(σ 1 (i)) = −deg(σ 2 (i)) for all 1 ≤ i ≤ n and
" ⇐= " Firstly we prove (GC2). We need to check that the linear map * sending C ij to C ji is an anti-morphism of A. Note that
. As a consequene, (e ij e kl ) * = e * kl e * ij . This completes the proof of (GC2). Secondly we prove (GC3). According to the definition of C ij , easy computations give that Using Proposition 5.1, we can give a graded symmetric cellular structure of A = M n (K) as follows: Let Λ = {⋄}, M (⋄) = {1, 2, · · · , n}, and set C ij = e i,n−j+1 for all 1 ≤ i, j ≤ n. Then C ij C kl = δ k,n−j+1 C il shows {C ij | 1 ≤ i, j ≤ n} is a cellular basis of A. Now if n > 1 is odd then we define
If n is even then we define
This makes {C ij | 1 ≤ i, j ≤ n} a graded cellular basis of A. Now we define a homogeneous K-linear map τ from A to K by
Clearly τ is non-degenerate. As a Consequence, τ is a homogeneous symmetrizing trace of degree 0.
Let us remark that the above argument can be generalized to the semisimple case, that is, we have the following 
